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The edge-coloured complete graphs which contain o polychromatic c rcuits are studied, with 
particular emphasis on the cases n= 4 and n = 3. The latter are shown to be the same as those 
complete graphs with no polychromatlc circmts at all, and their structure tsdetermined 
1. Introduction 
In this paper, all graphs are edge-coloured. A graph G has vertex set V(G), 
edge set E(G),  and colour set C(G). If IC(G)[ = k, G is k-edge-coloured. The 
c-coloured subgraph of G has V(G) as its vertex set, and all the c-coloured edges 
of G as its edge set. A monochromatic subgraph of G is a c-coloured subgraph of 
G for some colour c in C(G). G is connected in k colours if it has exactly k 
monochromatic subgraphs which are connected. If AI and A2 are subsets of 
V(G), the A~A2-edges of G are those edges incident with one vertex in AI and a 
different vertex in A2. 
A graph is polychromatic f every edge of G is differently coloured. A circuit of 
length n is denoted a C~. A PC-graph is a complete graph which contains no 
polychromatic circuits, and a PC,-graph is a complete graph ~ ~" ~ contains no 
polychromatic C,. A triangle is a C3, and ~.t 2-edge-colonred triangle is .~ 
bichromatic triangle. A BC3-graph is a complete graph in which every triangle is 
bi,-hromatic. 
Let H be an arbitrary graph. An/-l-graph is a complete graph which does nol 
contain a subgraph isomorphic to H. If H consists of two adjacent edges, both in 
the same colour, then the /~-graphs are the 'properly' edge-coloured complete 
graphs (see for instance [7]). For many other monochromatic graphs H, there is an 
extensive literature on/-t-graphs under the term Ramsey theory. 
For H not monochromatic, the study of/-I-graphs has generally, been restri,:ted 
to two fields: H polychromatic (sometimes considered under the name .,;ub- 
Ramsey theory), and H an alternating circuit (i.e. adjacent edges are differently 
coloured). A refinement is to study complete graphs in which a family of 
subgraphs is forbidden, such as complete graphs which contain no alternating 
circuits (see [4]). In this paper, we investigate/~-graphs w ere H is a p,qychroma- 
tic circuit (i.e. PC,-graphs), with particular emphasis on H as a polychromatic 
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triangle, and also we consider complete graphs which contain no polychromatic 
circuit at all O.e. PC-graphs). Amongst other things, it is shown that the PC- 
graphs are just the PC3-graphs. 
In the interests of brevity, all proofs are ol~tted. Many are fairly simple, but all 
can be found in [1], where a full treatment of /-l-graphs for H a circuit is 
undertaken. 
2. Two useful operations 
The main results concerning PC3-graphs, BCa-graphs, and PC-graphs come 
from defining a suitable homomorphism on these graphs. Two preliminary results 
are necessary: 
m 
Lemma 1, .Let the c-coloured subgraph o[ the PC 3- graph G be disconnected, and let 
the verte~ sets o[ its connected components be A, ,  A2 . . . . .  A,,  n > i. 7~en [or each 
i and j, 1 ~i<j<~n,  every A, Aj-edge in G is the same colour. 
Lemma 'Z. Let G be a k-edge-coloured PC3-graph, k ~ 3. G contains a discon- 
nected nTonochromatic subgraph. 
Del~un~ion 3. Let the c-coloured subgraph of the PC3-graph G be disconnected, 
and let r~he non-empty vertex sets of its connected componen's Lc A~, . . . ,  A,, 
n > 1. Define as follows a homomorphism h,. taking G to a complete graph H 
with vertex set {v~ . . . . .  o,}: 
(i) if u is in A, for some i, l ~ i ~ n. then h, (u) = v, ; 
(ii) if ut is in A, and u2 is in A s, i#], then (v,, q) in H is the same colour as 
(u~, u2) in G. 
It is easily checked that the homomorphism hc is well-defined, and that H has 
the following properties: 
(a) H is a PC3-graph. 
(b) H contains fewer colours and is of smaller order than G. 
(c) The cr-coloured subgraph of H is connected if and only if the c,-coloured 
subgraph of G is connected. 
In addition to a 'reducing' operation, it is useful to define an 'expanding' 
operation on a graph. 
l)~linition 4. Let Gt and G2 be complete graphs, with v any vertex of G 2. G 1 is 
substituted for v in G2 by joining each vertex u of Ga to all the vertices of G~ by 
edges in the same colour as (u, v), and then removing v together with its incident 
edges. 
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Lemmm $. Let H be the graph obtained by substituting G~ for v in G~, where G; 
and G2 are complete graphs and v is a vertex of G2. Then 
(i) H is a PCa-gra.r.~, if and only if Gt and G2 are both PC~-graphs. 
(ii) H is connected i~ colour c if and only if Cr2 is connected in c. 
3. Complete graphs without polychromatic triangles 
Repeated application of the homomorphism in Definition 3 gives the tollowing 
charactedsation f the PC3-graphs: 
Theorem 6. Let G be a PC3-graph. It is connected in either one or two colours, aad 
if the edges in these colours are removed from G, n connected components with 
vertex sets A~ . . . . .  A ,  say remain, n> 1. If G is connected in one colour only, then 
for i ~ / every A,A,-edge is in that colour. If  G is connected in two colours, then 
n >I 4 and for i ~ ] every A,A~-edge is in one of tlke connected coiours, which colour 
being dependent only on i and ]. 
Definition '7. Let G be as in Theorem 6. The reltated graph R(G) of G is the 
complete graph with vertex set {v~ . . . . .  v,}, where the edge (v,, v~) in E(R(G)) is 
the same colour as the A,A~-edges in G, i~ j. 
Lemma 8. H is the related graph of a PC3-grapl~ if and only if H is a 1- or 
2-edge-coloured complete graph connected in each colour. 
The related graph R(G) of a PCa-graph G gives a 'first approximation' to the 
structure of G, so that every PC3-graph is essenlially similar in structure to a 1- or 
2-edge-coloured complete graph. As well as being used to describe PC3-graphs. 
the related graphs can also be used to construct them. 
m 
Theorem 9o Let G be a PC,-graph. G can be "~tained from a single vertex by 
performing a finite series of substitutions of rela.,cd graphs. 
Thus all of the PC3-graphs can be constructed from the 1- and 2-edge-coloured 
complete graphs. 
The following extremal results concerning PC3-graphs can be obtained from 
Theorem 4 and Lemma 8. 
Corollary 10 (Erd6s, Simonovits, and S6s [6]). The smallest possible order ~[ a k- 
edge-coloured PC3-graph is k + 1. 
The sub-Rarnsey number sr(H, Q) of a graph H is the least integer p such that 
every complete graph of order p with no more than Q edges in any one colour 
contains a subgraph isomorphic to H (see Hahn [9, 10]). 
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Corot3 ,  U (Galvin [8]). If H is a polychromatic Mangle, sr(H, (2) = (2 + 2. 
The next two. results answer questions of Chen and Daykin [.'.]. Corollary 12 
improves a result of Busolini [2]. 
Coronary 12. Let G be a PC3-graph of order p w, th no more than D edges o: any 
colour incident with each vertex. Then 
~D, D even, 
P~ ~ [2 D-z ,  D odd 
with equality possible. 
m 
CoroRm'y 13. Let G be a k-edge-coioured PC3-graph of order p w~th at least d 
edges of each colour incident with every vertex. Then 
p~ f2k-i(d+ 1), d odd 
~2 k-2(2d + 1), d even 
with equality possible. 
The ~elated graph of the extremal graph in Corollary 12 is the ?-edge-coloured 
complete graph of order 5 in which each monochromatic subgraph in a circuit. For 
k >2, the related graph of the extremal graph in Corollary 13 i,.~ a single edge. 
3. Complete graphs with d tr~ngles bichromLt/c 
Complete graphs with all triangles bichromatic are BC3-gra,3hs. The BC3- 
graphs are also PC3-graphs, so that the operations defined in Section 2 can be 
used, and many results of the last section apply. In particular, BC3-graphs have 
related graphs. 
l,emm~ 14. H is a related graph of some BC3-graph if and only if I-]f is isomorphic 
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'I'aeorem 15. Let G be a BC3-graph. Then G is connected in either 1 or 2 colours 
as  follows: 
(i) I f  G is connected in one colour only, say blue, then V(G) can be partitioned 
into two non-empty sets A1 and A2 such that an edge is blue if and only if it is an 
A1A 2-edge. 
(ii) I f  G is connected in two colours, say blue and red, then V(G) can be 
partitioned into 5 sets A~ . . . . .  A~, only one of which may be empty, such that an 
edge is blue if and only if it is an A~Ai-edge, where ] - i=-+l  (mod 5)~ and red if 
and only if j - i --- +2 (mod 5). 
Theorem 16. Let 15 be a BCz-graph. Then G can be obtained from a single vertex 
by performing a Jinite series of substitutions of related graphs o[ BC3-graphs. 
Thus the BCa-graphs can be constructed from just the three graphs in Fig. 1 by 
using a series of substitutions. However, the graphs constructed in this way are 
not all BC3-graphs. 
Corollary 17 (Busolini [3]). There exists a k-edge-coloured BC3-graph of order p if 
and only if 
5 k/2, k even, 
k+l~<p~< 2 .5  tk-1)/2, kodd. 
4. Complete graphs without polychromafic ircuits 
Many results in the next section are consequences of the following trivial 
lemma: 
Lemma 18. Let G be a complete graph containing a polychromat~ ,J,,, n >I 4. Then 
for each r, 1 ~ r < n - 2, G contains a polychwmatic Cr+ 2 or a polychromatic C,_,. 
Perhaps the most important result characterises those complete graphs which 
contain no polychromatic circuits at all. 
Theorem 19. G is a PC-graph if and only if G is a PCa-graph. 
Thus all the results of Section 3 apply to PC-graphs. Also, we have: 
Corollary 20. For any n~.~, sr(Cn, Q)= Q+2.  
It should be noted that a polychromatic circuit is also an alternating circuit (i.e. 
adjacent edges are differently coloured). The much more restricted set of com- 
plete graphs without alternating circuits have been studied by Chen [4], who 
showed that their related graphs consist of a single edge. 
6 N.G. Bate 
The PC,-graphs can be divided into two different kinds--those with a poly- 
chromatic ircuit of length greater than n, and those without. Amongst he latter 
are the complete graphs with at most n - 1 vertices or colours. A generalisation of
a construction method of Erd6s, Simonovits, and S6s [6] yields further examples. 
M 
Lemmm 21. Let G be a PC-graph containing the vertices v~ . . . . .  vm, and let 
G~ . . . . .  Gm be complete graphs in which polychromatic circuits have length at most 
n - 1 for some n > 3. The: me graph H constructed by successively substituting G~ 
for v, in G, i = 1 . . . . .  m, is a complete graph in which polychromatic circuits have 
length at most n -1 .  
Erd6s, Simonovits. and S~, conjectured that these graphs were extremal 
PC,-graphs, in that they contained the largest possible number of colours for a 
given number of verttces. 
Perhaps more interesting are those PC,-graphs containing a polychromatic C_~ 
for some p>n.  From Lemma 18: 
Theorem 22. Let G be a PC.-graph, and suppose that G contains a polychromatic 
C~,, p>n.  Then p=-2 (modn-2) ,  and i[ q<p and q=-p (modn-2) ,  then G 
contains a polychromatw C o. 
Corollary 23. Let G be a PC4-graph containing a polychromatic C r. Tizen p is odd, 
and i[ q ts any odd ~nteger, 1 < q < p. then G contains a polychromat,~ Cq. 
Theorem 24. Let G be a PC4-graph containing a polychromatic circu ;t C. Then if P 
ts any polychromatic path in G between rxo vertices of C, P conwi,s  at least one 
colour present in C. In particular, the subgraph induced in G by V(~_*) contains only 
the colours present in C. 
m 
5. PC4-graphs with a polychromatic hamiltonlan circuit 
First, we give an existence result. 
u 
Theorem 25. For each odd integer p, there exists a PC4-graph o[ order p with a 
polychromatic hamiltonian circuit. 
Proof. Define GI to be the triangle with vertex set {xt, x2, YtL with edge (x~, x2) 
c~-coloured, edge (yl, x0 crcoloured, and edge (Yt, X2) c3-coloured. For n = 
2, 3 . . . .  the graph G. is constructed from G. _t by adding two vertices Yn and 
x..~; cj-coloured edges (y,y,,) for i=1  . . . . .  n - l ;  an6 cl-coloured edg~.s 
(x.+,,x,), c2.-coloured edges (y,,,x,) and c2.+~-coioured edges (x.+],y,) for 
i = 1 . . . . .  n. It is easily checked that (3. is the required graph of order 2n + 1. 
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For the remainder of the section, let H be a PC4-graph containing a poly- 
chromatic harniltonian circuit C of order p~>5, where p must be odd. By 
Theorem 24, the colours in H are exactly those eolours in C, so that H is 
p-edge-coloured. Let C = vttJ2 • • • vp, and define vp+, = v, for any i. Call an edge 
(v,, v,÷~) a type ] edge (note 'that this terminology is dependent on the choice of 
C). Any member of C is a type i edge, and also a type p -1  edge. Call all the 
other edges in H chords. 
Lonm~ 26, Let (v,, v~) be a chord o[ H, l <~i <j~<p. H contains exacdy one type 1 
edge (v,, v, + ~) in the same colour as (v,, q), and i <. r < ] i[ and only if i - i is odd. I f  
j - i  is odd, the circuit qv j+~. . .v ,q  is polychromatic; otherwise, the circuit 
v,v,+ ~ ..  • vN, is polychromatic. 
In particular, Lemma 26 shows that for each i, the chord (v,, v,+3) of it[ is the 
same colour as exactly one of (v,, v,+l), (v,+t, v,+2) and (v,+2, v,÷3). Some idea of 
the structure of the monochromatic subgraphs of H can be obtained from: 
Theorem 27. Suppose that the type 1 edge (v,, vr+O and the chord e = (v,, v~) o[ H 
are both c-coioured. Let S [resp. T] be the vertex set o]: the path along C from 
v,[v,+~] to e which does not include Vr+l[Vr]. Define 
SE={s~S:  the distance [rom vr to s along C is even ~ 
So = {s ~ S: the distance [rom vr to s along C is odd}, 
TE={t~ T: the distance ]:rom v,..~ ~ot along C is even}, 
To={t~ T: the distance from v,+~ to t along C is odd}. 
Then every SETE-edge and every SoTo-edge is c-coloured, but no SETo- or 
SoTs-edge is c-coloured. 
C,orol l~ 28. I f  H contains a c-coloured type 2i+1 edge, l< i<½p,  then H 
contains a c-coloured type 24 + 1 edge [or j = 1 . . . . .  i. 
It is clear from Theorem 27 that if the paths S and T are long, there will be a 
large number of c-coloured edges in H. It can be shown that every PC4-graph 
with a polychromatic hamiltonian circuit contains a unique edge in one of the 
colours present, confirming the disparity beltween the numbers of edges in the 
warious colours. However, the polychromatic hamiltonian circuit in such a graph 
need not be unique. 
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